Multipoint linkage analysis of quantitative-trait loci (QTLs) has previously been restricted to sibships and small pedigrees. In this article, we show how variancecomponent linkage methods can be used in pedigrees of arbitrary size and complexity, and we develop a general framework for multipoint identity-by-descent (IBD) probability calculations. We extend the sib-pair multipoint mapping approach of Fulker et al. to general relative pairs. This multipoint IBD method uses the proportion of alleles shared identical by descent at genotyped loci to estimate IBD sharing at arbitrary points along a chromosome for each relative pair. We have derived correlations in IBD sharing as a function of chromosomal distance for relative pairs in general pedigrees and provide a simple framework whereby these correlations can be easily obtained for any relative pair related by a single line of descent or by multiple independent lines of descent. Once calculated, the multipoint relative-pair IBDs can be utilized in variancecomponent linkage analysis, which considers the likelihood of the entire pedigree jointly. Examples are given that use simulated data, demonstrating both the accuracy of QTL localization and the increase in power provided by multipoint analysis with 5-, 10-, and 20-cM marker maps. The general pedigree variance component and IBD estimation methods have been implemented in the SOLAR (Sequential Oligogenic Linkage Analysis Routines) computer package.
Introduction
Methods of linkage analysis that exploit identity-by-descent (IBD) allele sharing between pairs of relatives are widely used in the genetic analysis of complex traits as these methods generally require few assumptions about the genetic model underlying expression of the trait. There are a limited range of IBD allele-sharing methods that can be used for quantitative-trait linkage analysis. The best known of these is the sib-pair approach of Haseman and Elaston (1972) . Recently, variance-component linkage analysis methods, which are more powerful than relative pair-based approaches and have the added advantage of providing reasonable estimates of the magnitude of effect of the detected locus, have been developed (Goldgar 1990; Schork 1993; Amos 1994; Blangero and Almasy 1997) . These variance-component methods have been extended to accommodate general pedigrees of arbitrary size and complexity (Comuzzie et al. 1997) and to allow analyses that include genotype # environment interaction (Blangero 1993; Towne et al. 1997) , epistasis (Stern et al. 1996; Mitchell et al. 1997) , threshold models for discrete traits , and pleiotropy (Almasy et al. 1997c) , as well as multivariate and oligogenic analyses (Schork 1993; Almasy et al. 1997c; Blangero and Almasy 1997; Williams et al. 1997) .
Multipoint linkage analysis increases the power to detect true linkages and decreases the false-positive rate. When linkage is detected, multipoint analysis also allows support or confidence intervals to be determined for the location of a gene. To date, practical application of multipoint IBD methods has been confined to sibships or small pedigrees (Fulker et al. 1995; Kruglyak and Lander 1995; Kruglyak et al. 1996; Todorov et al. 1997) , although there have been some recent promising developments utilizing computer-intensive Monte Carlobased techniques (Sobel and Lange 1996; Heath 1997; Heath et al. 1997 ) in large pedigrees.
The development of variance-component linkage methodologies for use in extended families has created a need for a multipoint IBD method suitable for use in such pedigrees. In general, the computational burden for exact multipoint calculations is considerable even in nuclear families and is prohibitive in large pedigrees. To alleviate this problem, Fulker et al. (1995) developed a multipoint approximation for sib pairs that uses a linear function of IBD values at genotyped markers to estimate IBD sharing at arbitrary chromosomal locations. The Fulker method is based on the evaluation of average number of alleles shared IBD for a pair of siblings and, although much less computationally expensive, has been shown to be as effective as maximum-likelihood estimation of the exact multipoint IBD distribution (Fulker and Cherny 1996) . In this article, we extend this simple approach to allow multipoint analysis in pedigrees of unlimited size and complexity. After presenting a general variance-components framework for oligogenic quantitative-trait linkage analysis in arbitrary pedigrees, we derive a series of functions for the correlation between loci in IBD sharing as a function of chromosomal distance in relative pairs found in extended families, including pairs as distant as third cousins (seventh-degree relatives) and relatives related through multiple lines of descent, such as double-first cousins and double-second cousins. We then demonstrate the power and accuracy of the method by using simulation techniques.
Method

Variance-Component Linkage Analysis in General Pedigrees
The pedigree-based variance-component linkage method uses an extension of the strategy developed by Amos (1994) to estimate the genetic variance attributable to the region around a specific genetic marker. Goldgar (1990) and Schork (1993) have proposed similar variance-component models. This approach is based on specifying the expected genetic covariances between arbitrary relatives as a function of the IBD relationships at a quantitative-trait locus (QTL). The modeling framework used in variance-component analysis is remarkably general (Lange et al. 1976; Hopper and Mathews 1982) , although it is also parsimonious with regard to the number of parameters that are required to be estimated relative to that needed in penetrance model-based linkage analysis. Also, unlike most penetrance model-free linkage analysis methods, the variance-component method can be used both for localization of QTLs and for obtaining good estimates of the relative importance of the QTL in determining phenotypic variance in the population (Amos et al. 1996; Blangero and Almasy 1997; Williams et al. 1997) .
Let the quantitative phenotype, y, be written as a linear function of the n QTLs that influence it:
where m is the grand mean, g i is the effect of the ith QTL, and e represents a random environmental deviation. Assume g i and e are uncorrelated random variables with expectation 0 so that the variance of y is 2 j ϭ y . We also allow for both additive and dom- 
For such a simple random effects model, we can easily obtain the expected phenotypic covariance between the trait values of any pair of relatives as
where , and the k terms
represent the k coefficients of Cotterman (1940) with k ji being the ith QTL-specific probability of the pair of relatives sharing j alleles IBD. Similarly, the expected phenotypic correlation between any pair of relatives is given by
where is the proportion of the total phenotypic var-2 h ai iance due to the additive genetic contribution of the ith QTL, and is the proportion due to the dominance 2 d i effect. In the classical quantitative genetic variance-component model, we do not have information on specific QTLs but utilize the expectation of the k probabilities over the genome to obtain the following approximation:
where is the total additive genetic variance,
is the total dominance genetic variance,
2 over the genome with giving the expected co2f ϭ R efficient of relationship, and is the expected
probability of sharing 2 alleles IBD. Because we are generally interested in the examination of one or a few QTLs at a time, we exploit the above approximation to reduce the number of parameters that need to be considered. For example, if we are focusing on the analysis of the ith QTL in equation (1), we can absorb the effects of all of the remaining QTLs in residual components of covariance. Employing these residual covariance terms, the expected phenotypic covariance between relatives is well approximated by
where is the coefficient of relationship
or the probability of a random allele being IBD at the ith QTL, represents the residual additive genetic var-2 j g iance, and now represents the residual dominance 2 j d genetic variance. The p and k 2 coefficients and their expectations effectively structure the expected phenotypic covariances and are the basis for much of quantitativetrait linkage analysis such as the sib-pair difference method of Haseman and Elston (1972) . For any given chromosomal location, p and k 2 can be estimated from genetic marker data and information on the genetic map.
Given the simple model for phenotypic variation described above, it is possible to use data from pedigree structures of arbitrary complexity to make inferences regarding the localization and effect sizes of QTLs. For the simple additive model in which n QTLs and an unknown number of residual polygenes influence a trait, the covariance matrix for a pedigree can be written
where is the matrix whose elements ( ) provide thê P p i i j l predicted proportion of genes that individuals j and l share IBD at a QTL that is linked to a genetic marker locus, F is the kinship matrix, and is an identity matrix. I is a function of the estimated IBD matrix for a genetiĉ P i marker itself ( ) and a matrix of correlations between P B m the proportions of genes IBD at the marker and at the QTLˆP
i m where v is the recombination frequency between marker locus m and QTL i, and the elements b ϭ r(p ,p Fr,v) ij i m are the correlations between the IBD probabilities, where r denotes rth type of kinship relationship. Equation (7) is a matrix generalization of the results provided by Amos (1994) . The r-functions provide the autocorrelation functions between IBD probabilities as a function of genetic distance, and they also allow prediction of the matrix at any chromosomal location given estimateŝP P at correlated locations (e.g., when v ! .5). Derivation of the r functions for arbitrary pedigree relationships is provided below.
By assuming multivariate normality as a working model within pedigrees, the likelihood of any pedigree can be easily written and numerical procedures can be used to estimate the variance-component parameters. For the model in equation (6), the ln-likelihood of a pedigree of t individuals with phenotypic vector is y given by 2 2 2 ln L(m,j ,j ,j ,bFy,X)
where m is the grand trait mean, , D ϭ (y Ϫ m Ϫ Xb) X is a matrix of covariates, and is the matrix of regression b coefficients associated with these covariates. Likelihood estimation assuming multivariate normality can be shown to yield consistent parameter estimates even when the distributional assumptions are violated (Beaty et al. 1985; Amos 1994) . By performing an extensive series of simulations, we have confirmed the consistency of variance-component estimates of genetic effect size J. T. Williams and J. Blangero, unpublished data) .
Using the variance-component model, we can test the null hypothesis that the additive genetic variance due to the ith QTL equals zero (no linkage) by comparing the likelihood of this restricted model with that of a model in which the variance due to the ith QTL is estimated. The difference between the two log 10 likelihoods produces a LOD score that is the equivalent of the classical LOD score of linkage analysis. Twice the difference in log e likelihoods of these two models yields a test statistic that is asymptotically distributed as a : mixture of a 1 1 2 2 variable and a point mass at zero (Self and Liang 2 x 1 1987). When multiple QTLs are jointly considered, the resulting likelihood-ratio test statistic has a more complex asymptotic distribution that continues to be a mixture of x 2 distributions. This basic model has been extended to incorporate a number of more complex genetic models by allowing for additional sources of genetic and nongenetic variance. In multilocus models, an additive # additive component of epistatic variance can be estimated by use of the Hadamard product of matrices for each locus as P the coefficient matrix that structures the expected covariances among pedigree members (Mitchell et al. 1997) . Dominance # dominance, additive # dominance, and dominance # additive variance components also can be specified by Hadamard products of appropriate and coefficient matrices. For example, al-P K 2 lowing for additive # additive interactions between two QTLs leads to the following equation for the phenotypic covariance matrix of a pedigree:
i ai g e iϭ3 A household or shared environment effect can be added by an additional variance component with a coefficient matrix ( ) whose elements are 1 if the relative pair in H
Figure 1
Half-grand-avuncular pair (blackened symbols) question shares the environmental exposure or 0 otherwise. This simple incorporation of a shared household component leads to the following model for the phenotypic covariance matrix
The general pedigree variance-component linkage method, with all of the above described extensions, has been implemented in a computer analysis package called Sequential Oligogenic Linkage Analysis Routines (SO-LAR), which employs the computer programs FISHER and SEARCH (Lange et al. 1988 ) for likelihood optimization in quantitative-trait analysis. For any of the complex genetic models described above, SOLAR can also incorporate covariate effects as well as multivariate quantitative traits (Almasy et al. 1997c) ; discrete traits, by use of a threshold model ; mixed discrete/quantitative-trait analyses; and genotype # environment interaction (Towne et al. 1997) .
Estimation of the IBD Probability Matrix for a Genetic Marker
In the above formulation, all of the information regarding linkage is a function of the estimated matrices.
P i For a given genetic marker, a number of methods have been proposed to calculate this IBD probability matrix (Amos et al. 1990; Curtis and Sham 1994; Whittemore and Halpern 1994) . One simple and effective approach is to perform pairwise likelihood-based estimation of the elements of a matrix by calculating the posterior prob-P i ability of genotypes at a completely linked pseudomarker at which there is an extremely rare allele (i.e., an allele frequency less than the expected mutation rate). With this approach, the p for each pair of individuals is evaluated by randomly assigning the rare homozygous pseudomarker genotype to one of the individuals and then calculating the likelihoods of seeing the three possible pseudomarker genotypes in the other individual conditional on the marker information in the complete pedigree. From the resulting posterior probabilities, it is simple to calculate the three locus-specific k coefficients for any marker and then to calculate the estimate. This p method is relatively rapid for simple pedigrees but can become tedious in complex pedigrees, especially ones with multiple inbreeding loops. Any software that can calculate two-point pedigree likelihoods can be used for calculating IBD probabilities.
A second alternative for pedigrees of arbitrary size and complexity is to calculate an estimate of all the elements of the matrix jointly by Monte Carlo techniques. P i When there is no missing genetic marker information in a pedigree, exact IBD probabilities can rapidly be calculated by use of the algorithm of Davis et al. (1996) . Therefore, Monte Carlo methods can be used to impute marker genotypes for individuals not typed in a pedigree conditional on all other marker and pedigree information. Once the marker genotype vector is filled in by such a process, the exact maximum likelihood estimate of p can be obtained immediately. The results of many such imputations can be averaged by by use of the likelihood of the imputed marker genotype vector as a weighting factor. There are many possible variations of such a Monte Carlo approach, but all methods require substantial computing for large pedigrees.
We use both of these approaches in our computer program, SOLAR, and have noticed few differences between them across a wide range of practical applications including extensive computer simulations. A practical benefit of both approaches is the independence of major aspects of the calculations, which renders the estimation problem infinitely scalable with regard to parallel computation.
Although it is comparatively straightforward to obtain an estimate of the matrix for any genetic marker, exact P calculation of multipoint IBD probabilities given a number of genetic markers is formidable except for relatively small and simple pedigrees. Since it is well known that exploitation of multipoint information can dramatically improve the power to detect QTLs, fast and accurate approximate methods would be of great benefit. In the next section, we outline our approach to obtaining such approximate multipoint IBD probabilities for any chromosomal location.
Derivation of IBD Correlation Formulas for Multipoint Analysis
Given the simplicity and accuracy of the Fulker method (Fulker et al. 1995) for approximating multi- Direct descent
NOTE.-d represents the degree of relationship.
point calculations for sib pairs, we decided to generalize this approach to arbitrary pedigree relationships. Such a general average sharing method requires that we formulate all possible r(p i , p j Fr, v) functions (i.e., IBD probability autocorrelation functions), which can be used to provide the expected correlation in IBD between genotyped marker loci and any chromosomal location with a known position relative to these marker loci. The correlation in the proportion of alleles shared IBD by a relative pair over some chromosomal distance can be expressed with a simple formula:
where Cov(p 1 ,p 2 ) is the covariance in IBD allele sharing between locus 1 (the genotyped marker) and locus 2 (the arbitrary chromosomal location at which IBD sharing is being estimated), and j(p 1 ) and j(p 2 ) are the expected standard deviations in IBD allele sharing at the two loci. These standard deviations depend on the degree of relationship between the relative pair under consideration and will be the same for the two loci. Thus, the denominator reduces to the expected variance in the proportion of alleles shared IBD for the type of relative pair, Var(p). This variance in IBD sharing can be calculated by use of the formula where
The covariance is a simple function involving each possible value of p at locus 1 and locus 2, adjusted by E(p) and weighted by the probability of observing the two-locus combination of p, p ij :
For unilineal relative pairs, the number of alleles shared IBD (i and j) at locus 1 and locus 2 will take the values 0 and 1, with the resulting IBD probabilities p 1 and p 2 being i/2 and i/2, which yields four possible two-locus combinations of p. For bilineally related pairs able to share two alleles IBD, such as siblings, i and j may also be 2, resulting in nine possible combinations. If inbreeding is present, i and j may equal 4 when both members of a pair are autozygous for the same ancestral allele. This results in 16 potential two-locus combinations of allele sharing.
The process of obtaining the r function for any class of unilineal relationship is straightforward and may best be described by example.
An Example: Half-Grand-Avuncular Pairs
A half-grand-avuncular pair ( fig. 1) we will need the probabilities of observing the four possible two-locus combination of p (table 1) .
These probabilities can be determined by calculating the probability of p 2 equaling 0 or , given p 1 and all 1 2 possible patterns of recombination between the two loci. For example, let p 11 be the probability that 1 allele is shared IBD at the second locus ( ), given that 1
allele is shared at the first locus ( ) and taking into 9 is necessarily also shared by intervening individuals 5 and 7. For 4 and 9 to share an allele at the second locus, transmission from 2, the father of the half-sibs, to his sons 4 and 5 must be either both nonrecombinant with probability , or both recombinant with proba-
2
(1 Ϫ v) bility v 2 . In addition, transmissions from 5 to his son 7 and from 7 to 9 must both be nonrecombinant with probability . Thus, (
For pairs related by a single line of descent, p 11 can be calculated simply from one of four formulas provided in table 2. These formulas use the degree of relationship between the members of the pair and differ by whether the pair is related through a direct line of descent (grandparental relationships), a half-sibling pair (half-avuncular and half-cousin relationships), a full sibling pair descending through only one sib (full avuncular rela- tionships), or a full sibling pair descending through both sibs (full-cousin relationships).
The probabilities for the remaining two-locus sharing states may be similarly derived from the possible patterns of recombination, or for pairs that can share only 0 or 1 alleles IBD, they can be obtained by subtracting from the marginal totals for single-locus sharing of 0 or 1 allele IBD (table 1) . For the half-grand-avuncular pair described above, [ ]
When these values are used, the covariance for a half-grand-avuncular pair is 
7 7 7 Table 3 shows E(p), Var(p), and the correlation between IBD probabilities for other unilineal classes of relative pairs. These relationships are the most common ob- Half-sib and half-avuncular Half-sib and half-first Table 5 Probabilities NOTE.-x and y represent the two locus-sharing probabilities for the two independent lines of relationship. served in human extended family studies. Table 4 provides the same information for a variety of relative pairs related by multiple lines of descent. Note that while some of these pairs have the same E(p) as pairs in table 3, the variances may be different, since some pairs in table 4 can share both alleles IBD ( ). This leads to nine p ϭ 1 possible IBD allele sharing states, rather than four, and complicates the calculation of the probability of each sharing state. However, when a pair is related through two independent lines of descent, the elements of the matrices of sharing probabilities for each inde-2 # 2 pendent relationship can be multiplied to form a 3 # matrix of sharing-state probabilities for the compound 3 relationship (table 5). The first formula shown for double-second cousins (table 4) applies only to pairs related through double-first cousins ( fig. 2a) . Double-second cousins also occur when two sets of first cousins marry ( fig. 2b) or when one person's parent is cousin to both of the other person's parents ( fig. 2c) . Each of these double-second cousin pairs have different correlation formulas since the possible p values are not the same (for the pair in fig. 2b , p may equal 1, while in figs. 2a and 2c it cannot) and the possible patterns of recombination also differ. The IBD sharing probability matrix for the double-second cousins in figure 2b can be calculated by multiplying the elements from the basic sharing probability matrix for second cousins as described above. However, the probabilities of the sharing states for the double-second cousins in figures 2a and 2c cannot make use of the formulas above, since the two lines of descent pass through the same individual(s) and are not independent. Thus, the two-locus sharing probabilities for these types of second cousins were derived by examining the possible patterns of recombination as described for the half-grand-avuncular pair. (i.e., the k 2 -autocorrelation functions). These can be expressed as
where the summations over s and t are performed over the possible values (i.e., 0 and 1) of k 2 so that the necessary probabilities are limited to f 22 , f 02 , f 20 , and f 00 . The probabilities designated by f can be obtained from those derived above for the p-autocorrelations for bilineal rel-
Figure 2
Three types of double-second cousins (blackened symbols) Table 6 Correlation Coefficients for k 2 as a Function of v and Relationship 
atives. Specifically, , , and . f ϭ 1 Ϫ 2d ϩ f 00 7r 22 Table 6 provides most of the required k 2 -autocorrelation functions that are encountered in studies of extended human families. In general, for a given relationship class, we find that . In other
words, the correlation between k 2 values decays more rapidly with genetic distance than does that for the p values. For example, comparing the appropriate correlation functions for sib pairs, we find that
, which is 10 for all . Therefore, the 3 4 32v Ϫ 16v ) v 1 0 incorporation of dominance effects into a variance-component model will be most useful when the QTL is comparatively close to a genetic marker.
Estimation of and Matrices by Use of Multipoint
Given the p-and k 2 -correlation functions provided in tables 3, 4, and 6, it is possible to estimate the matrix P at any chromosomal location conditional on all of the available genetic marker information and the map locations of the markers. A Haldane mapping function is for the ijth pair of relatives by
where the symbol without a subscript indicates thê p vector of marker IBD probabilities, and is its empirical p mean vector. Subject to constraints on the acceptable parameter space that are r dependent, equation (16) can be used to estimate each pairwise element of the ma-P ഞ trix, which is then used to structure the expected phenotypic covariances between relatives as shown in equation (6). The similarity of equation (7) and equation (17) is also apparent, since equation (7) is the matrix prediction equation when there is only a single marker.
A similar approach can be employed to obtain multipoint estimates of by substituting the appropriate k 2ഞ expectations, k 2 -autocorrelations, empirical variances, and means in equations (16) and (17).
Simulations
To evaluate the utility of this multipoint variance-component method for detecting QTLs, we performed a series of computer simulations to assess its properties and accuracy. In the first set of simulations, six quantitative traits and genotype data were simulated for 200 replicates of a data set containing 1,497 total individuals, 1,000 phenotyped, based approximately on the pedigree structure of the San Antonio Family Heart Study. These are extended pedigrees, including all available first-, second-, and third-degree relatives of a proband and the proband's spouse as well as the married-in parents of any descendants. Pedigree size ranges from 37 to 128 individuals ; thus, multipoint quantitative-trait (x ϭ 65) linkage analysis of these pedigrees would not be possible with any previously published method. The number of relative pairs with both members phenotyped is shown in table 7 for each type of relative pair present in these pedigrees. Although the SOLAR general pedigree variance-component linkage analysis uses IBD allele sharing between these relative pairs, it should be noted that it is not a relative-pair method as likelihoods are maximized over entire families considered jointly. The number of relative pairs of various types is shown in order to illustrate the depth and complexity of these pedigrees.
Fully informative markers were simulated at a position of 33 cM on a 100-cM chromosome. The alleles of this fully informative marker were grouped together into "high" and "low" bins in various ways to obtain biallelic QTLs whose most common allele took one of three possible generating values, 0.5, 0.7, or 0.9. Two generating values of the additive effect parameter
were considered that produced either a 2-or 2.5-SD difference between the contrasting QTL genotypes. For these simulations, dominance effects were not included. Using the six sets of generating parameters, we simulated six quantitative traits in which the relative variance due to the QTL (i.e., the heritability due to the QTL) ranged from . NOTE.-Simulated QTLs were biallelic and accounted for 15%-44% of the trait variance. The second and third columns provide the frequency of the more common QTL allele and the displacement between homozygote means in standard deviation units, respectively. 1992; Terwilliger et al. 1993) , marker loci were simulated every 5 cM, based on allele number and frequency patterns drawn from a commercially available screening set. For each of the six independent traits/generating models, two-point LOD scores were assessed at each of the marker loci and at the fully informative marker underlying the trait. Multipoint analysis was performed with 5-, 10-, and 20-cM maps drawn from the 21 simulated markers, with IBD sharing estimated every 2 cM for every relative pair. Both two-point and multipoint linkage analyses were performed by use of the variancecomponent linkage methods described above and implemented in SOLAR. Table 8 provides the mean maximum LOD scores and the percentage of LOD scores 13.0 obtained for each generating model. The fourth column of table 8 shows the mean LOD obtained when the fully informative marker directly on the QTL location was used. This value reflects the maximum LOD scores obtainable in these pedigrees under ideal conditions of marker placement and heterozygosity and serves as a gold standard against which to compare the other linkage analyses. For all three densities of marker maps, multipoint variance-component analysis, as compared to the best twopoint variance-component result, improved both the mean maximum LOD score and the percentage of maximum LOD scores 13.0. For example, with a 5-cM map, the mean LOD for multipoint analysis was an average of 0.5 LOD units higher for the multipoint analysis over the best two-point LOD when considered across all generating values. In addition, the percentages of maximum LOD scores 13.0, which have standard errors ranging from 0.1 to 1.8, are improved under all six generating models. Table 8 also shows that a substantial amount of linkage information is unavailable even at the 5-cM density, which can be seen by the difference in the mean LOD scores when the fully informative marker at the QTL is compared to the mean multipoint LOD (13.14 vs. 7.63). Because we have arbitrarily placed the QTL at a the midpoint of the 5-cM interval, simply adding another marker within the interval would substantially improve the LOD.
The increase in power with both multipoint variancecomponent analysis and denser marker maps as well as the accuracy of multipoint localization of the QTL are illustrated in figure 3 , which compares the LOD profiles, averaged over the 200 simulations, for one of the simulated traits. Even with a sparse map with an intermarker distance of 20 cM, multipoint analysis provided a noticeable improvement in LOD score over the twopoint analyses, as well as an unbiased estimate of QTL location.
For all of the generating models, the multipoint point analysis produced excellent estimates of QTL location. For example, for the model in which the QTL heritability was 0.44, the estimated locations were 33.21 ‫ע‬ 0.33, 33.03 ‫ע‬ 0.53, and 34.31 ‫ע‬ 0.59 for the 5-, 10-, and 20-cM scans, respectively. Similarly for the model in which the QTL heritability was 0.30, the estimated locations were 32. 67 ‫ע‬ 0.58, 32.15 ‫ע‬ 0.65, and 34.82 ‫ע‬ 0.98 . In all cases, the estimated chromosomal location was not significantly different from the generating value. Additional evidence that our multipoint variance-component procedure yields unbiased estimates of QTL location is provided elsewhere (Almasy et al. 1997c; Duggirala et al. 1997; Towne et al. 1997; Williams et al. 1997; J. T. Williams and J. Blangero, unpublished data) .
The six sets of generating parameters used in these simulations are effectively single major gene models in which there are two QTL alleles acting in a simple codominant manner. This straightforward model does not take advantage of the strengths of the variance-component linkage method. The existence of a single major gene inherently violates the assumption of multivariate normality on which the variance-component linkage method is based. However, it has been demonstrated that the method is robust to violations of this assumption (Beaty et al. 1985) . In addition, the use of a biallelic QTL is somewhat limiting, since the variance-component methodology is capable of exploiting the greater information content in a multiallelic QTL system.
In order to test the accuracy of our estimates of genetic effect size, we performed a second set of simulations in which, given a QTL allele frequency of , we chose p ϭ .5 Q a to produce a series of generating models in which the additive genetic heritability due to the QTL varied 2 (h ) q from 0.05 to 0.50 in increments of 0.05 units. In this simulation, we also allowed for a residual genetic heritability of 0.20. For each generating model, 100 replicates were assessed and quantitative-trait linkage analysis was performed on each. Figure 4 shows a plot of the expected and the mean of the maximum likelihood 2 h q estimates of at the expected QTL location. Figure 4 2 h q clearly shows that the variance-component procedure yields outstanding estimates of genetic effect size. These simulations were also performed with a QTL allele frequency of with similar results (not shown). p ϭ .9
Q
Discussion
This powerful variance-components method makes it possible to perform multipoint linkage analysis with quantitative-trait data in pedigrees of arbitrary size and complexity. Such an analysis would previously have required either fragmentation of any large pedigrees into smaller subsets, resulting in a reduction in power to detect linkage, or the application of one of the new computer intensive Monte Carlo-based parametric linkage methods (e.g., the method of Heath 1997). The multipoint IBD estimation method presented in this article has already been utilized successfully in variance-component linkage analyses of simulated data from Genetic Analysis Workshop 10 (Almasy et al. 1997c) as well as such quantitative traits as serum leptin (Comuzzie et al. 1997) , and HDL-cholesterol levels (Almasy et al. 1997b) in the extended pedigrees of the San Antonio Family Heart Study and event-related brain potentials in the Collaborative Study on the Genetics of Alcoholism (Almasy et al. 1997a; Porjesz et al. 1997; Begleiter et al., in press ).
The IBD estimation procedure is quite efficient and compares favorably to other multipoint methods suitable for use in pedigrees. In contrast to the Elston-Stewart algorithm (1971) , in which computation increases exponentially with the number of markers, or the Lander-Green Hidden Markov Model (Lander and Green 1987; Kruglyak et al. 1996) , in which computation increases exponentially with the number of nonfounders in a pedigree, because the suggested multipoint algorithms are linear functions of previously computed IBDs, processing time increases only linearly for additional individuals or additional loci. For an input file containing IBD information on 16 genotyped marker loci for 20,854 relative pairs, SOLAR, running on a Sun workstation, required only 1 min 10 s to estimate the
Figure 4
Plot of expected vs. estimated additive genetic heritability due to the QTL. Bars indicate ‫1ע‬ standard error.
IBD matrix at an arbitrary chromosomal location. Such computational speed makes it feasible to estimate multipoint IBD matrices every 1 cM along an entire chromosome, even for very large data sets with many genotyped markers. SOLAR was recently used to analyze complex pedigree data from Genetic Analysis Workshop 10 (Almasy et al. 1997c) , with 11,000 genotyped individuals and as many as 50 markers on a chromosome. Similarly, we are employing this method on a large complex baboon pedigree (with a pedigree size of 750 animals) and an extremely large pedigree of individuals from an isolated human population (with a pedigree size of 1,200 individuals). An additional benefit of this approach is that, once a marker data set is deemed final, IBD calculations need be performed only once and the resulting matrices stored for all future analyses. This feature is particularly useful in large studies of complex disease where many different phenotypes have been measured and each needs to be processed through genomewide linkage analysis.
IBD correlation formulas have previously been derived by a number of authors for limited classes of relative pairs. Amos (1988) derived the IBD correlations for halfsibling, grandparent-grandchild, avuncular, and firstcousin pairs by methods similar to those described above. Feingold (1993) and colleagues ) employed a different strategy, using a Markov approximation to derive these same four formulas for use in affected relative pair-based linkage analysis using IBD status. These authors and Lander and Kruglyak (1995) were primarily interested in the p-autocorrelations in order to assess the importance of correlated test statistics in genome scanning. In this regard, it is useful to point out that the Lander and Kruglyak crossover rate parameter, which is central to their method for evaluating genomewide significance levels, is given by Ϫ . Thus, the crossover rate param-1 lim [dr(p ,pFr,v) 
eter is an approximate measure of how rapidly the pautocorrelations decay with genetic distance and can be obtained for any pairwise relationship simply as half the absolute value of the coefficient associated with v 1 in the appropriate r-function. For example, from table 4, we can immediately determine that the crossover rate parameter for third cousins is . Our 1 (512/63) ϭ 256/63 2 results in tables 3 and 4 can be used to extend observations on the behavior of correlated test statistics for linkage methods based on extended pairwise relationships.
The present study extends the IBD correlation formulas to many other classes of relative pairs and provides a simple framework for deriving similar formulas for any relative pair related by a single line of descent or by multiple independent lines of descent. Simulations suggest that multipoint variance-component linkage analyses with IBDs calculated based on these correlations recover an unbiased estimate of the location of a gene and provide increased power to detect linkage even with intermarker distances as widely spaced as 20 cM. These multipoint IBD estimates remove an impediment to making full use of the recent expansions of variancecomponent linkage methodology, improving the power to examine a wide variety of complex genetic models for both quantitative and discrete traits in general pedigrees.
Applications of quantitative-trait linkage analysis are increasing rapidly. Because of the superior information content of quantitative traits, genetic analysis of quantitative risk factors serves as a powerful tool for elucidating the genetic mechanisms influencing common diseases. Numerous strategies and sampling designs are being formulated, and each has its own strengths and weaknesses. It is well known that, in many situations, extended pedigrees will dramatically outperform smaller family units such as sib pairs, sibships, or nuclear families with regard to the power to detect and accurately localize QTLs (Wijsman and Amos 1997) . Unfortunately, although quantitative data have often been collected in more extended kindreds, the lack of adequate linkage tools has generally led to such rich data sets being leached of their potential linkage information by truncation to smaller familial units. Recently, direct comparisons of pedigree-based and nuclear family-based samples consisting of the same number of phenotyped individuals in the same distribution of sibship sizes has underscored the loss of power resulting from fragmentation of a large pedigree-based sample Towne et al. 1997; Williams et al. 1997) . However, with the advent of the multipoint variance-component linkage method, the superior power of extended pedigrees can now be routinely and fully exploited for the localization of QTLs.
The SOLAR software, which incorporates the pedigree-based variance-component and multipoint IBD methods described here, is freely available to interested investigators in a compiled version. SOLAR can be obtained through the Southwest Foundation for Biomedical Research (http://www.sfbr.org).
